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Abstract 



The characterization of H-prime radical is given in many ways. Meantime, the 
relations between the radical of smash product Ri^H and the iif-radical of Hopf 
module algebra R are obtained. 

Introduction and Preliminaries 

In this paper, let be a commutative associative ring with unit, H be an algebra with 
unit and comultiplication A ( i.e. A is a linear map: H ^ H ® H), R be an algebra over 
k {R may be without unit) and R be an if-module algebra. 
We define some necessary concept as follows. 



for all r, s ^ R,h ^ H, then we say that H weakly acts on R. For any ideal / of R, set 

{I : H) := {x e R \ h- X e I for al\h e H}. 

I is called an H-ideal if h - 1 C I for any h & H. Let Ih denote the maximal H-ideal of R 
in /. It is clear that In = {I '■ H). An if-module algebra R is called an if-simple module 
algebra if R has not any non-trivial iJ-ideals and R^ 0. R is said to be if-semiprime if 
there are no non-zero nilpotent if-ideals in R. R is said to be H-phme if /J = implies 
/ = or J = for any if-ideals / and J of R. An //-ideal / is called an i/-(semi)prime 
ideal of R if R/I is if-(semi)prime. {a„} is called an if-m-sequence in R with beginning 
a if there exist hn^h'^ G H such that ai = a & R and a^+i = {hn-an)hn{h'^.an) for any 
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natural number n. If every if-m-sequence {a„} with a/.i.i = a, there exists a natural 
number k such that Uk — 0, then a is called an if-m-nilpotent element. Set 

Wh{R) = {a E R \ a is an i/-m-nilpotent element}. 

R is called an if-module algebra if the following conditions hold: 

(1) i? is a unital left if-module(i.e. i? is a left i7-module and 1h ■ a 
(ii) h ■ ah = J2{hi ■ a){h2 ■ h) for any a,b E R, h E H, where A(/i) 

if-module algebra is sometimes called a Hopf module. 
If R is an i7-module algebra with a unit 1r, then 

h 

= 5^/11 • (M-S(/i2) • 1r)) = E ^1-^(^2) • 1r = e{h)lR, 

h h 

i.e. h-lR^e{h)lR 
for any h E H. 

An //-module algebra R is called a unital if-module algebra if R has a unit 1r such 
that h ■ 1r = e{h)lR for any h E H. Therefore, every //-module algebra with unit is a 
unital //-module algebra. A left /^-module M is called an /^-//-module if M is also a 
left unital //-module with h{am) = J2{hi ■ a){h2'm) for all h E H,a E R,m E M. An 
/^-//-module M is called an R-H- irreducible module if there arc no non-trivial R-H- 
sub modules in M and RM ^ 0. An algebra homomorphism ip : R R' is called an 
//-homomorphism if iplh - a) = h ■ ip{a) for any h E H,a E R. Let ri„rj,ri,rhm denote 
the Baer radical, the Jacobson radical, the locally nilpotent radical, the Brown-MacCoy 
radical of algebras respectively. Let / <\h R denote that / is an //-ideal of R. 

1 The iif-special radicals for iif-module algebras 

J.R. Fisher [7] built up the general theory of //-radicals for //-module algebras. We can 
easily give the definitions of the //-upper radical and the //-lower radical for //-module 
algebras as in [11]. In this section, we obtain some properties of //-special radicals for 
//-module algebras. 

Lemma 1.1 (1) If R is an H-module algebra and E is a non-empty subset of R, then 
{E) = H-E + R{H ■E) + {H-E)R + R{H ■ E)R, where (E) denotes the H -ideal generated 
by E in R. 

(2) If B is an H -ideal of R and C is an H -ideal of B, then (C)^ C C, where (C) 
denotes the H-ideal generated by C in R. 

Proof. It is trivial. □ 



= a for any a E R)] 
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Proposition 1.2 (1) R is H-semiprime iff {H ■ a)R{H • a) = always implies a = 
for any a & R. 

(2) R is H -prime iff {H ■a)R{H -h) — always implies a — or b — for any a,b E R. 

Proof. If it! is an H -prime module algebra and {H ■ a)R{H ■ 6) = for a, 6 e R, then 
(a)^(6)^ — 0, where (a) and (6) are the if-ideals generated by a and 6 in it! respectively. 
Since R is ii-prime, (a) = or (ft) = 0. Conversely, if B and C are ii-ideals of it! and 
BC — 0, then [H ■ a)R{H -b) —0 and a = or 6 = for any a E B,b E C, which imphes 
that S = or C = 0, i.e. it! is an ii-prime module algebra. 
Similarly, part (1) holds. □ 

Proposition 1.3 If I <\h R o,nd I is an H-semiprime module algebra, then 
(1) 10 1* = 0; (2) = Ii = P; (3) I* <h R, where h = {a e R \ I{H ■ a) = 0}, 
Ii = {ae R\{H -a)! = 0}, P = {a E R \ {H ■ a)I = Q = I{H ■ a)}. 

Proof . For any x e i* fl i, we have that I{H • = and {H ■ x)I{H • x) = 0. Since I 
is an ii-semiprime module algebra, a; = 0, i.e. i H i* = 0. 

To show P = Ir, we only need to show that {H ■ x)I = for any x E Ir- For any 
yEl,hEHj let z = {h-x)y. It is clear that {H ■z)I{H -z) = 0. Since I is an ii-semiprime 
module algebra, z = 0, i.e. {H ■ x)I = 0. Thus P = Ir- Similarly, we can show that 
h = P. 

Obviously, P is an ideal of R. For any x E P , h E H , we have [H ■ {h- x))I = 0. Thus 
h ■ X e P by part (2), i.e. i* is an ii-ideal of R. □ 

Definition 1.4 fC is called an H -(weakly )special class if 

(51) K, consists of H-(semiprime)prime module algebras. 

(52) For any Re K, if Q ^ I <\h R then i G /C. 

(53) If R is an H -module algebra and B <\h R with B e K,, then R/B* e K,, 
where B* = {a e R \ {H ■ a)B = = B{H ■ a)}. 

It is clear that (S3) may be replaced by one of the following conditions: 
(S3') If B is an essential ii-ideal of R{i.e. S fl i 7^ for any non-zero ii-ideal I of it!) 
and B e JC, then R e K,. 

(S3") If there exists an ii-ideal B oi R with = and S e /C, then ReK,. 

It is easy to check that if K, is an ii-special class, then K, is an ii-weakly special class. 

Theorem 1.5 If IC is an H-weakly special class, then r'^{R) = r\{I <\h R \ R/I G ^j? 
where r'^ denotes the H-upper radical determined by JC. 

Proof. If i is a non-zero ii-ideal of R and i G /C, then R/P G /C by (S3) in Definition 
1.4 and i ^ i* by Proposition 1.3. Consequently, it follows from [7, Proposition 5] that 

r^(i?) = n{i I i is an ii-ideal of R and R/I G /C} . □ 
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Definition 1.6 Ifr is a hereditary H -radical (i.e. if R is anr-H-module algebra and B 
is an H -ideal of R, then so is B ) and any nilpotent H -module algebra is an r-H -module 
algebra, then r is called a supernilpotent H -radical. 

Proposition 1.7 r is a supernilpotent H -radical, then r is H -strongly hereditary, i.e. 
r{I) = r{R) n / for any I <iH R- 

Proof. It follows from [7, Proposition 4] . □ 

Theorem 1.8 IffC is an H-weakly special class, then r^ is a supernilpotent H-radical. 

Proof. Let r = r'^ . Since every non-zero if-homomorphic image R' of a nilpotent H- 
module algebra R is nilpotent and is not iJ-semiprime, we have that R is an r-iJ-module 
algebra by Theorem 1.5. It remains to show that any iJ-ideal / of r-if-module algebra 
R is an r-if-ideal. If / is not an r-iJ-module algebra, then there exists an iif-ideal J of 
/ such that I/J e /C. By (S3), {R/J)/{I/J)* G /C. Let Q = {x e R \ {H ■ x)I C J 
and I{H ■ x) C J }. It is clear that J and Q are /J-ideals of R and Q/J = {I / J)* . Since 
R/Q ^ {R/J)/{Q/J) = {R/J)/{I/J)* and R/Q is an r-H- module algebra, we have 
{R/ J)/{I / jy is an r-if-module algebra. Thus R/Q — and P C J, which contradicts 
that //J is a non-zero if-semiprime module algebra. Thus / is an r-if-ideal. □ 

Proposition 1.9 R is H -semiprime iff for any a & R, there exists an H-m- 
sequence {an} in R with 07.1. i = a such that a„ 7^ for all n. 

Proof. If R is iZ-semiprime, then for any 7^ a G i?, there exist bi E R , hi and 
h'l G H such that 7^ 02 = {hi ■ ai)bi{h'i ■ ai) G {H ■ ai)R{H ■ ai) by Proposition 1.2, 
where ai = a. Similarly, for 7^ 02 G -R, there exist b2 E R and /i2 and h'2 G H such 
that 7^ 03 = (/12 ■ 02)^2(^2 ■ ^2) £ {H ■ a2)R{H ■ 02)1 which implies that there exists an 
if-m-sequence {a„} such that a„ 7^ for any natural number n. Conversely, it is trivial. 
□ 

2 iif-Baer radical 

In this section, we give the characterization of if-Baer radical (if-prime radical) in many 
ways. 

Theorem 2.1 We define a property rnb for H -module algebras as follows: R is an 
rnb-H -module algebra iff every non-zero H -homomorphic image of R contains a non-zero 
nilpotent H-ideal; then rub is an H-radical property. 
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Proof. It is clear that every if-homomorphic image of rnb-H -module algebra is an rnb- 
if-module algebra. If every non-zero if-homomorphic image B of i?-module algebra R 
contains a non-zero rnb-H-ideal I, then / contains a non-zero nilpotent i7-ideal J. It 
is clear that (J) is a non-zero nilpotent if-ideal of B, where (J) denotes the i7-ideal 
generated by J in B. Thus R is an rnb-H-raodule algebra. Consequently, rnb is an 
i7-radical property. □ 

rnb is called i7-prime radical or i7-Baer radical. 

Theorem 2.2 Let 

£ — {R \ R is a nilpotent H -module algebra }, 

then r£ = rnb, where rs denotes the H -lower radical determined by 8. 

Proof. If R is an ri^;,- if-module algebra, then every non-zero if-homomorphic image B 
of R contains a non-zero nilpotent if-ideal /. By the definition of the lower if-radical, 
/ is an rg-i^-module algebra. Consequently, it! is an r^-if-module algebra. Conversely, 
since every nilpotent ii-module algebra is an r Hb-H -vnodvle algebra, < rub- ^ 

Proposition 2.3 R is H-semiprime if and only ifrHb{R) — 0. 

Proof. If R is if-semiprime with rHi,{R) ^ 0, then there exists a non-zero nilpotent 
if -ideal i of rHb{R)- It is clear that ii-ideal (i), which the ii-ideal generated by i in 
R, is a non-zero nilpotent ii-ideal of R. This contradicts that R is ii-semiprime. Thus 
^'Hb{R) = 0. Conversely, if R is an if-module algebra with rHb{R) = and there exists a 
non-zero nilpotent ii-ideal I of i?, then I C rHb{R)- We get a contradiction. Thus R is 
ii-semiprime if rHb{R) = 0. □ 

Theorem 2.4 If K, — {R \ R is an H -prime module algebra), then K, is an H -special 
class and rub — f^- 

Proof. Obviously, (5*1) holds. If i is a non-zero ii-ideal of an ii-prime module algebra 
R and BC = Q for ii-ideals B and C of i, then {B f{C f = where (B) and (C) denote 
the ii-idcals generated by B and C in i? respectively. Since R is ii-prime, {B) = or 
(C) = 0, i.e. B = or C = 0. Consequently, (5*2) holds. Now we shows that (S3) holds. 
Let B be an ii-prime module algebra and be an ii-ideal of R. If JI C B* for ii-ideals i 
and J of i?, then {BJ){IB) = 0, where B* = {x e R \ {H ■ x)B = = B{H ■ x)}. Since 
B is an ii-prime module algebra, i?J = or IB = 0. Considering i and J are ii-ideals, 
we have that B{H • J) = or (ii • I)B = 0. By Proposition 1.3, J <Z B* or I C B*, which 
imphes that R/B* is an ii-prime module algebra. Consequently, {S3) holds and so /C is 
an ii-special class. 
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Next we show that rnb — f^- By Proposition 1.5, r^{R) — n{/ | / is an if-ideal 
of it! and R/I & /C}. If i? is a nilpotent ii-module algebra, then R is an r'^-ii-module 
algebra. It follows from Theorem 2.2 that rnb < f^- Conversely, if rHb{R) — 0, then 
R is an iJ-scmiprimc module algebra by Proposition 2.3. For any ^ a ^ R, there 
exist bi & R , hi,h[ G H such that 7^ a2 = (/ii ■ ai)bi{h[ ■ ai) G {H ■ ai)R{H ■ ai), 
where ai = a. Similarly, for ^ a2 E R, there exist 62 G -R and /12, h2 G H such that 
^ 0,3 = (/i2 ■ 02)^2(^2 ■ ^2) G {H ■ a2)R{H ■ 02)- Thus there exists an ii-m-sequence {a„} 
such that ttn ^ for any natural number n. Let 

^ = {/ I / is an if-ideal of R and I fl {oi, 02, • • •} = 0}- 

By Zorn's Lemma, there exists a maximal element P in JF. If / and J are if -ideals of 
R and I ^ P and J ^ P, then there exist natural numbers n and m such that a„ G i 
and a„ G J. Since 7^ a^+^+i = {K+m ■ an+rn)bn+m{K+m ' On+m) G i^, which implies 
that IJ ^ P and so P is an ii-primc ideal of R. Obviously, a ^ P, which implies that 
a ^ r'^{R) and r'^{R) = 0. Consequently, = rnb- ^ 

Theorem 2.5 rHb{R) = Wh{R). 

Proof. If 7^ a ^ Wh{R)^ then there exists an ii-prime ideal P such that a ^ P 
by the proof of Thoerem 2.4. Thus a ^ rHbiR), which implies that rHb{R) ^ ^^uiR)- 
Conversely, for any x G Wh{R)-, let -R = R/rHb{R^)- Since rHb{R) = 0, -R is an ii- 
semiprimc module algebra by Proposition 2.3. By the proof of Theorem 2.4, Wh{R) = 0. 
For an ii-m-sequence {a„} with ai = a; in R, there exist bn & R and h'^& H such that 

On+l = (^n • an)bn{h'n ■ On) 

for any natural number n. Thus there exists a'^ & R such that a'^ = x and a^+i = 
{hn ■ a'^)bn{h[^ ■ a'^) for any natural number n. Since {a'^} is an ii-m-sequence with 
a[ = X in R, there exists a natural number /c such that a'^ = 0. It is easy to show that 
a„ = for any natural number n by induction. Thus = and x G VF//(i?). Considering 
iy^/(P) = 0, we have x G r^feli?) and WHiR) C rH6(i?). Therefore WniR) = rHb{R)- n 

Definition 2.6 W^e define an H-ideal Na in H-module algebra R for every ordinal 
number a as follows: 

(i) No = 0. 

Let us assume that Na is already defined for a -< (5. 

(ii) If P = a + 1, Np/Na is the sum of all nilpotent H-ideals of R/Na 
(Hi) If (3 is a limit ordinal number, iVg = J2a^(3Na- 

By set theory, there exists an ordinal number r such that Nt — Nt+i. 

Theorem 2.7 A^,- = rHb{R) = n{i \ I is an H -semiprime ideal of R}. 
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Proof. Let D — n{/ | / is an if-semiprime ideal of R\. Since R/N^- has not any non-zero 
nilpotent if-ideal, we have that rHb{R) Q by Proposition 2.3. Obviously, D C rHb{R)- 
Using transfinite induction, we can show that A^^^ C / for every if-semiprime ideal I oi R 
and every ordinal number a (see the proof of [12, Theorem 3.7] ). Thus Nt C D, which 
completes the proof. □ 

Definition 2.8 Let ^ ^ L <^ H . An H-m- sequence {an} in R is called an L-m- 
sequence with beginning a i/ay.i.i = a and ttn+i = {hn-an)hn{h'^-an) such that hn,h'^ e L 
for all n. For every L-m-sequence {an} with af.i.i = cl, there exists a natural number k 
such that ak = 0, then R is called an L-m-nilpotent element, written as Wl{R) = {a G 
R \ a is an L-m-nilpotent element}. 

Similarly, we have 

Proposition 2.9 If L C H and H = kL, then 

(i) R is H-semiprime iff {L.a)R{L.a) = always implies a = for any a E R. 
(a) R is H-prime iff {L.a)R{L.b) = always implies a — or b — for any a,b & R. 
(Hi) R is H-semiprime if and only if for any ^ a ^ R, there exists an L-m-sequence 
{an} with ai = a such that a„ 7^ for all n. 
(iv)Wh{R)=Wl{R). 

3 The i/-module theoretical characterization of H- 
special radicals 

If V is an algebra over k with unit and x ® ly = always implies that x = for any 
right /c-module M and for any x G M, then V is called a faithful algebra to tensor. For 
example, if /c is a field, then V is faithful to tensor for any algebra V with unit. 

In this section, we need to add the following condition: H is faithful to tensor. 

We shall characterize H-Baci radical r^i, //-locally nil radical rni, iZ-Jacobson radical 
rnj and //-Brown-McCoy radical rHbm by i?- //-modules. 

Wc can view every //-module algebra /? as a sub-algebra of Ri^H since H is faithful 
to tensor. By computation, we have that 

/i • a = $:(l#/ii)a(l#5(/i2)) 
for any h & H,a & R, where S is the antipode of H. 

Definition 3.1 An R-H -module M is called an R-H -prime module if for M the fol- 
lowing conditions are fulfilled: 

(i) RM^ 0; 
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(ii) If X is an element of M and I is an H -ideal of R, then I{Hx) — always implies 
X = or 7 C (0 : M)r, where (0 : M)r = {a e | oM = 0}. 

Definition 3.2 We associate to every H -module algebra R a class Ai^ of R-H -modules. 
Then the class M. = UM.r is called an H-special class of modules if the following condi- 
tions are fulfilled: 

(Ml) If M & -Mr, then M is an R-H -prime module. 

(M2) If I IS an H -ideal of R and M E Mi, then IM E Mr. 

(MS) IfME Mr and I zs an H -ideal of R with IM ^ 0, then M E Mi. 

(M4) Let I be an H -ideal of R and R = R/I. If M E Mr and / C (0 : M)r, then 
M E Mr. Conversely, if M E Mr, then M E Mr. 

Let M{R) denote n{(0 : M)r \ M E Mr}, or R when Mr = 0. 

Lemma 3.3 (1) If M is an R-H -module, then M is an Rj^H -module. In this case, 
(0 : M)r#h n i? = (0 : M)r and (0 : M)r is an H -ideal of R; 

(2) R is a non-zero H -prime module algebra iff there exists a faithful R-H -prime 
module M; 

(3) Let I be an H -ideal of R and R = R/I. If M is an R-H-(resp. prime, irre- 
ducible) module and / C (0 : M)r, then M is an R-H-(resp. prime, irreducible) module 
(defined by h ■ {a + I) ~ h ■ a and {a + I)x — ax). Conversely, if M is an R-H-(resp. 
prime irreducible) module, then M is an R-H-(resp. prime, irreducible) module (defined 
by h • a — h • {a + I) and ax — (a + I)x). In the both cases, it is always true that 
R/{0:M)r^R/(0:M)^; 

(4) I is an H -prime ideal of R with I ^ R iff there exists an R-H -prime module M 
such that 7 = (0 : M)r; 

(5) If I is an H -ideal of R and M is an I -H -prime module, then IM is an R-H -prime 
module with (0 : M)i = (0 : IM)r n I; 

(6) If M is an R-H -prime module and I is an H -ideal of R with IM ^ 0, then M is 
an I -H -prime module; 

(7) If R is an H-semiprime module algebra with one side unit, then R has a unit. 

Proof. (1) Obviously, (0 : M)r = (0 : M)r#h H R. For any h E H, a E {0 : M)r, we see 
that {h ■ a)M = E(l#/^i)a(l#5(/i2))M C E(l#/ii)aM = for any hE H, a E R. Thus 
h ■ a E {0 : M)r, which implies (0 : M)r is an i/-ideal of R. 

(2) If R is an if-prime module algebra, view M = i? as an ii!-if-module. Obviously, 
M is faithful. If I{H • x) = for ^ x e M and an //-ideal / of R, then I{x) = and 
/ = 0, where (x) denotes the //-ideal generated by x in R. Consequently, M is a faithful 
/?- //-prime module. Conversely, let M be a faithful /?- //-prime module, li IJ — for 
two //-ideals / and J ol R with J 7^ 0, then JM ^ and there exists 7^ x e JM such 
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that I{Hx) — 0. Since M is a faithful R-H-prime module, 7 = 0. Consequently, R is 
H -prime. 

(3) If M is an R-H-module, then it is clear that M is a (left)i?-module and h{ax) — 
h{ax) = J2ihi ■ a){h2x) =Y.{hi- a){h2x) = Y.{hi ■ a){h2x) for any h e H, a e R and 
X G M. Thus M is an i?-i?-module. Conversely, if M is an R-H-module, then M is an 
(left) i?-module and 

h{ax) = h{ax) = '^{hi •a){h2x) = '^hi- a{h2x) = ^^{hi ■ a){h2x) 

for any h E H, a E R and x E M. This shows that M is an i?-if-module. 
Let M be an R-H-prime module and / be an if-ideal of R with / C (0 : M)r. If 
J{Hx) = for ^ ,T G M and an i7-ideal J of R, then J{Hx) = and J C (0 : M)r. 
This shows that J C (0 : M)^. Thus M is an R-H -prime module. Similarly, we can show 
the other assert. 

(4) If / is an if-prime ideal of R with R ^ I, then R = R/I is an /J-prime module 
algebra. By Part (2), there exists a faithful i?-if-prime module M. By part (3), M is an 
R-H-prime module with (0 : M)r = /. Conversely, if there exists a 7?-i7-prime M with 
/ = (0 : M)ji, then M is a faithful R-H-prime module by part (3) and / is an i7-prime 
ideal of R by part (2). 

(5) First, we show that IM is an i?-module. We define 

a{Y^aiXi) = Y,{aai)xi (1) 

i i 

for any a E R and J2i ^iXi E IM, where ai E I and Xi E M. If J2i diXi — J2i ci[x[ with Oj, 
a'^ E R, Xi, x\ E M, let y — Y^iiaa^Xi — Y^i{a(^^x\. For any h El and h E H,'we see that 

Khy) = ^h{h[{aai)xi - {aa'i)x'i]} 

i 

= EEH[(^i • {aai)]{h2Xi) - [hr ■ {aa!i)]{h2x'i)} 

i (h) 

= EE{M(^i • «)(^2 • ai)]{hxi)) - b[{h ■ a){h2 ■ a[)]{h^x[)} 

(h) i 

= ^^b{f^i- a)[h2{aiXi) - h2{a[x'i)] 
(ft) i 

= h{hi ■ a)h2 Yli^i^i ~ (^Wi\ = 0- 
(h) i 

Thus I{Hy) — 0. Since M is an 7-if-prime module and IM ^ 0, we have that y = 0. 
Thus this definition in (1) is well-defined. It is easy to check that IM is an it!-module. 
We see that 

hia^aiXi) = 'Yh[{aai)xi] 

i i 
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i h 
i h 

= J2{hi-a)J2{h2-ai){hsXi) 

h i 

= ^{hi ■ a)[h2^{aiXi)] 

h i 

for any h E H and ^i^^i ^ I^- Thus JM is an i?-if-module. 

Next, we show that (0 : M)/ = (0 : IM)r nl. If a G (0 : M)/, then aM = and 
a/M = 0, i.e. a G (0 : /M)^ fl I. Conversely, if a G (0 : IM)r D I, then alM = 0. By 
part (1), (0 : IM)b, is an H-ideal of R. Thus (iJ ■ a)/M = and {H ■ a)I C (0 : M)/. 
Since (0 : A/)/ is an if -prime ideal of / by part (4), a G (0 : M)i. Consequently, 
(0 : M)j = (0 : IM)r n I. 

Finally, we show that IM is an i?-if-prime module. If RIM = 0, then i?/ C (0 : M)r 
and / C (0 : M)ji, which contradicts that M is an I-H-pnme module. Thus RIM ^ 0. 
If J{IIx) = for ^ X G /M and an //-ideal J of R, then JI{Ex) C J(i/a;) = 0. Since 
M is an 7-i/-prime module, J/ C (0 : M)/ and J{IM) — 0. Consequently, /M is an 
i?-if-prime module. 

(6) Obviously, M is an 7-if-module. If J{Hx) = for 7^ x G M and an if-ideal J 
of 7, then {J)^{Hx) = and (J)^ C (0 : M)r, where (J) denotes the i7-ideal generated 
by J in R. Since (0 : M)r is an //-prime ideal of R, (J) C (0 : M)r and J C (0 : M)i. 
Consequently, M is an 7- //-prime module. 

(7) We can assume that w is a right unit of R. We see that 

{h ■ {au - a))b = ^(l#/ti)(aM - a)(l#5(/t2))6 = 

for any a,b & R,h & H. Therefore (// ■ {au — a))R — and au — a, which implies that R 
has a unit. □ 

Theorem 3.4 (1) If M. is an H -special class of modules and K. = { R \ there exists a 
faithful R-H -module M G Mr}, then IC is an H-special class and r'^{R) = A4{R). 

(2) If IC is an H-special class and Mr = { M \ M is an R-H-prime module and 
R/{0 : M)r G K.}, then M — UMr is an H-special class of modules and r'^{R) — M{R). 

Proof. (1) By Lemma 3.3(2), (5*1) is satisfied. If / is a non-zero //-ideal of R and /? G /C, 
then there exists a faithful /?- //-prime module M G A4r. Since M is faithful, IM 7^ and 
M G Mi with (0 : M)j = (0 : M)r n / = by (M3). Thus I E IC and {S2) is satisfied. 
Now we show that (5*3) holds. If / is an //-ideal of R with / G /C, then there exists 
a faithful /-//-prime module M G Mi. By (M2) and Lemma 3.3(5), IM G Mr and 
= (0 : M)/ = (0 : IM)r H I. Thus (0 : IM)r C /*. Obviously, /* C (0 : IM)r. Thus 
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7* = (0 : IM)r. Using (M4), we have that IM e and IM is a faithful R-H-module 
with R — R/I*. Thus R/ 1* e /C. Therefore K, is an i7-special class. 
It is clear that 

{/ I / is an i7-ideal of i? and i?// e /C} = {{Q : M)r \ M & Mr}. 

Thus r'^{R)^M{R). 

(2) It is clear that (Ml) is satisfied. If I is an if-ideal of R with M e Mi, then M 
is an /-if-prime module with 7/(0 : M)j e /C. By Lemma 3.3(5), IM is an i?-i7-prime 
module with (0 : M)/ = (0 : IM)r n 7. It is clear that 

(0 : IM)r = {ae R\{H -a)! C{0: M)i and 7(77 • a) C (0 : M)i} 

and 

(0 : 7M)V(0 : M)j = (7/(0 : M),)*. 

Thus 7?/(0 : 7M)k - (7?/(0 : M),)/((0 : IM)r/{Q : M),) = (7?/(0 : M),)/(7/(0 : 
M)i)* e /C, which imphes that 7M e Al^^ and (M2) holds. Let M e Ali? and 7 be 
an 77-ideal of 7? with IM ^ 0. By Lemma 3.3(6), M is an 7-77-prime module and 
7/(0 : M)i = 7/((0 : M)r n I) ^ (I + (0 : M)r)/(0 : M)r. Since 7?/(0 : M)r e /C, 
7/(0 : M)/ e /C and M e A^/. Thus (M3) holds. It follows from Lemma 3.3(3) that 
(M4) holds. 

It is clear that 

{7 I 7 is an 77-ideal of 7? and 7^ R/I e /C} = {(0 : M)r \ M e Mr}. 

Thus r'^(R)^M{R). □ 

Theorem 3.5 Let Mr ={ M \ M is an R-H -prime module} for any H -module algebra 
R and M — \JMr. Then M is an H-special class of modules and M{R) — rHb{R)- 

Proof. It follows from Lemma 3.3(3) (5) (6) that M is an 77-special class of modules. By 
Lemma 3.3(2), 

{7? I 7? is an 77-prime module algebra with R^^O} — 
{R I there exists a faithful 7?- 77-prime module }. 

Thus rHb{R) = M{R) by Theorem 2.4(1). □ 

Theorem 3.6 Let Mr ={ M \ M is an R-H -irreducible module} for any H-module 
algebra R andM — VJMr. ThenM is an H-special class of modules and M{R) = rHj{R), 
where rnj is the H-Jacobson radical of R defined in [7J. 
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Proof. If M is an i?-if-irreducible module and J{Hx) — ior x G M and an H- 
ideal J of R, let N ^ {m e M \ J{Hm) = 0}. Since J{h{am)) = JiEhih ■ a){h2m)) = 0, 
am e N for any meN,heH,aeR, we have that is an i?-submodule of M. 
Obviously, N is an i7-submodule of M. Thus is an i?-if-submodule of M. Since 
iV 7^ 0, we have that iV = M and JM = 0, i.e. J C (0 : M)r. Thus M is an i?-if-prime 
module and (Ml) is satisfied. If M is an /-//-irreducible module and / is an //-ideal, 
then IM is an /?- //-module. If N is an /?-//-submodule of IM, then is also an I-H- 
submodulc of M, which implies that = or = M. Thus (M2) is satisfied. If M is an 
/?- //-irreducible module and / is an //-ideal of R with IM ^ 0, then IM = M. If A^ is 
an non-zero /-//-submodule of A/, then IN is an /?-//-submodule of M by Lemma 3.3(5) 
and IN = or IN = M. If IN = 0, then / C (0 : M)r by the above proof and IM = 0. 
We get a contradiction. If IN = M, then A^ = M. Thus M is an /-//-irreducible module 
and (M3) is satisfied. 

It follows from Lemma 3.3(3) that (M4) holds. By Theorem 3.4(1), M{R) = rHj{R). 

□ 

J.R. Fisher [7, Proposition 2] constructed an //-radical Th by a common hereditary 
radical r for algebras, i.e. rniR) = {r{R) : H) = {a E R \ h ■ a E r{R) for any h e //}. 
Thus we can get //-radicals VbH, rm, rjH, TbmH- 

Definition 3.7 An R-H -module M is called an R-H-BM -module, if for M the fol- 
lowing conditions are fulfilled: 
(i) RM^ 0; 

(a) If I is an H -ideal of R and I % {0 : M)r, then there exists an element u & I such 
that m — um for all m e M. 

Theorem 3.8 Let M.r = { M \ M is an R-H -BM -module} for every H-module 
algebra R and M. = UMr. Then M. is an H-special class of modules. 

Proof. It is clear that M satisfies (Mi) and (M4). To prove (M2) we exhibit: if / <h R 
and M e M.i, then M is an /-//-prime module and IM is an R-H-pnme module. If J 
is an //-ideal of R with J ^ (0 : M)r, then JI is an //-ideal of / with JI %{Q : M)i. 
Thus there exists an element u E JI C. J such that um — m for every m E M. Hence 
IM e Mr. 

To prove (M3), we exhibit: if M e Mr and / is an //-ideal of R with IM ^ 0. If 
J is an //-ideal of / with J ^ (0 : M)/, then (J) % (0 : M)r, where (J) is the //-ideal 
generated by J in R. Thus there exists an elements w e ( J) such that um — m for every 
m E M. Moreover, 

m — um — uum — uuum — u^m 
and u^ e J. Thus M e Mi. □ 
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Proposition 3.9 // M is an R-H-BM -module, then R/ (0 : M)ji is an H -simple 
module algebra with unit. 

Proof. Let I be any H- ideal of R with / ^ (0 : M)r. Since M is an R-H-BM- 
module, there exists an element u & I such that uam = am for every m G M, a G -R. It 
follows that a — ua E {0 : M)ji, whence i? = / + (0 : M)^. Thus (0 : M)ji is a maximal 
i^-ideal of R. Therefore R/{0 : M)r is an i7-simple module algebra. 

Next we shall show that i?/(0 : M)r has a unit. Now R % {Q : M)r, since RM ^ 0. 
By the above proof, there exists an element u & R such that a — ua E {0 : M)ji for any 
a E R. Hence R/{0 : M)r has a left unit. Furthermore, by Lemma 3.7 (7) it has a unity 
element. □ 

Proposition 3.10 If R is an H -simple-module algebra with unit, then there exists a 
faithful R-H-BM -module. 

Proof. Let M ^ R. It is clear that M is a faithful R-H-BM- module. □ 

Theorem 3.11 Let M.r — { M \ M is an R-H-BM -module} for every H-module 
algebra R and M. = UA4r. Then rHbm{R) = M.{R), where rubm denotes the H-upper 
radical determined by {R \ R is an H -simple module algebra with unit }. 

Proof. By Theorem 3.8, M. is an if-special class of modules. Let 

K, — {R\ there exists a faithful R-H-BM-m.odu\e }. 

By Theorem 3.4(1), /C is an if-special class and r^{R) = M.{R). Using Proposition 3.9 
and 3.10, we have that 

)C = {R \ R is an iJ-simple module algebra with unit }. 

Therefore M{R) = rHbm{R)- □ 

Assume that H \s & finite-dimensional semisimple Hopf algebra with t E flj and 
e(t) = 1. Let 

Gt{a) ^ {z \ z^x + {t.a)x + ^{xi{t.a)yi + Xiyi) for all Xi, yi, x G R}. 

R is called an r^t-iJ-module algebra, if a G Gt{a) for all a E R. 

Theorem 3.12 r^^ is an H -radical property of H-module algebra and rgt — rnhm- 

Proof. It is clear that any i7-homomorphic image of rgt-H- module algebra is an 
rgt-H-m.od.\AQ algebra. Let 

N = ^{I<H I / is an rg^-if-ideal of R}. 
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Now we show that N is an rgt-H -ideal oi R. In fact, we only need to show that Ii + I 2 
is an rgt-if-ideal for any two Tgt-if-ideals Ii and l2- For any a e e /2, there exist 
x,Xi,yi e such that 

a = a; + (t • a)a; + ' i^)?/* + ^j?/*)- 

i 

Let 

c = X + (t ■ (a + 6))a; + ^Xi{t ■ (a + + Xiyi e Gt(a + b). 

Obviously, 

a + 6 — c = 6 — (t- 6)a; — ^ a;i(t • 6)7/1 G h- 
Thus there exist lij, Vj e i? such that 

a + b — c = w + {t-{a + b — c))w + • (a + 6 — c))vj + UjVj). 

j 

Let d = (t ■ (a + + w + J2j{uj{t ■ (a + 6))f j + ujVj) and e = c — X^^- • c)Vj — {t ■ c)w. 
By computation, we have that 

a + b = d + e. 

Since c G ^4(0 + b) and G Gt{a + b), we get that e G G(a + b) and a + 6 G Gt(a + b), 
which implies that Ji + I2 is an r^^-if-ideal. 

Let R = R/N and -B be an r^t-f^-ideal of R. For any a & B, there exist x,Xi,yi G 
such that 

a = X + (t • a)x + ■ + ^i^j) 

and 

x + {t-a)x + ^{xi{t ■ a)yi + xiyi) - ae N. 

Let 

c ^ X + {t ■ a)x + ^{xi{t ■ a)yi + xiyi) G Gt{a). 
Thus there exist w,Uj, vj G i? such that 

a — c— {t • {a — c))w + w + '^{uj{t • {a — c))vj + UjVj) 

and 

a — {t ■ a)w + w + ^ Uj{t ■ a)vj + UjVj + c — {t • c)w — ^ Uj{t • c)vj G Gt{a), 

which implies that B is an rpj-f^-ideal and B — 0. Therefore rgt is an H -radical property. 
□ 

Proposition 3.13 If R is an H -simple module algebra, then rgr{R) = ijf R has a 
unit. 



14 



Proof. If R is an if-simple module algebra with unit 1, then —1 ^ Gt{—1) since 

x+{t- {-l))x + ■ + ^iVi) = 

for any x,Xi,yi e R. Thus R is rgt-if-semisimple. Conversely, if rgt{R) — 0, then there 
exists a ^ Gt{a) and Gt{a) — 0, which implies that ax -\- x — Q ior any x e i?. It 
follows from Lemma 9.3.3 (7) that R has a unit. □ 

Theorem 3.14 r^t = rHhm- 

Proof. By Proposition 3.13, rgt[R) C rHbmi^) ^^J -H^-niodulc algebra R. It remains 
to show that if a ^ ^9t{R) then a ^ rHbm{R)- Obviously, there exists b e (a) such that 
b ^ Gt{b), where (a) denotes the if- ideal generated by a in R. Let 

E^{I <HR\Gt(b)CI,b^I}. 

By Zorn's Lemma, there exists a maximal clement P in P is a maximal if-ideal of R, 
for, if Q is an if-ideal of R with P Q and P ^ Q, then b & Q and x = — 6a;+ (fox+a;) G Q 
for any x G P. Consequently, P/P is an P-simple module algebra with rgt{R/P) = 0. 
It follows from Proposition 3.13 that P/P is an P-simple module algebra with unit and 
rHbm{R) ^ P- Therefore b ^ rHbm{R) and so a ^ rHbm{R)- ^ 

Definition 3.15 Let I be an H -ideal of H -module algebra R, N be an R-H -submodule 
of R-H -module M. {N,I) are said to have "L- condition", if for any finite subset F C. I , 
there exists a positive integer k such that F'^N — 0. 

Definition 3.16 An R-H -module M is called an R-H -L -module, if for M the following 
conditions are fulfilled: 

(i) RM ^ 0. 

(ii) For every non-zero R-H -submodule N of M and every H -ideal I of R, if (N,!) 
has "L - condition" , then / C (0 : M)r. 

Proposition 3.17 IfM is an R-H -L-module, thenR/{0 : M)r is anrin-H-semisimple 
and H -prime module algebra. 

Proof. If M is an P-P"-L-module, let P = P/(0 : M)r. Obviously P is P-prime. If 
B is an rin-H-ideaX of P, then {M,B) has " L-condition" in P-P-module M, since for 
any finite subset F of B, there exists a natural number n such that F'^ C (0 : M)ji and 
F"'M — 0. Consequently, P C (0 : M)ji and P is r^i^-semisimple. □ 

Proposition 3.18 R is a non-zero rin-H -semisimple and H-prime module algebra iff 
there exists a faithful R-H-L-module. 
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Proof. If i? is a non-zero r/i^-if-semisimple and if-prime module algebra, let M — R. 
Since R is an if-prime module algebra, (0 : M)ji — 0. If {N,B) has " L-condition" for 
non-zero it!-i?-submodule of M and i^-ideal B, then, for any finite subset F of B, there 
exists an natural number n, such that F"'N = and F'^{NR) — 0, which implies that 
= and B is an rin-H-ideal, i.e. B — C (0 : M)r. Consequently, M is a faithful 
R-H-L- module. 

Conversely, if M is a faithful i?-iJ-L-module, then R is an i?-prime module algebra. 
If / is an riH-H-ideaX of i?, then (M, /) has "L-condition", which implies / = and R is 
an r/ij- iJ-semisimple module algebra. □ 

Theorem 3.19 Let Mr = { M \ M is an R-H -L -module} for any H -module algebra 
R and M. ~ yjM.R. Then Ai is an H-special class of modules and M.{R) — rHi{R), where 
K. — {R \ R is an H -prime module algebra with rm^R) = 0} and rm — ■ 

Proof. Obviously, (Ml) holds. To show that (M2) holds, we only need to show 
that if / is an if-ideal of R and M e Mi, then IM e Mr. By Lemma 3.3(5), IM 
is an R-H-prirac module. If {N,B) has the "L-condition" for non-zero i?-if-submodule 
N of IM and if-ideal B of R, i.e. for any finite subset F of B, there exists a natural 
number n such that F'^N = 0, then {N,BI) has "L-condition" in J-if-module M. Thus 
C (0 : M)/ = (0 : IM)r n /. Considering (0 : IM)r is an if-prime ideal of R, we 
have that 5 C (0 : IM)r or / C (0 : IM)r. If / C (0 : IM)r, then P C {0 : M)i and 
/ C (0 : M)/, which contradicts IM ^ 0. Therefore 5 C (0 : IM)r and so IM is an 
R-H-L- module. 

To show that (M3) holds, we only need to show that if M G Mr and / <\h R with 
IM ^ 0, then M G Mi. By Lemma 3.3(6), M is an J-LT-prime module. If {N,B) has 
the "L-condition" for non-zero /-i/-submodule of M and i/-idcal B of /, then IN is 
an i?-if-prime module and {IN, (B)) has "L-condition" in R-H-module M, since for any 
finite subset F of (B), F^ C B and there exists a natural number n such that F^"'IN C 
jp3nj\j- _ where (B) is the iJ-ideal generated by B in R. Therefore, {B) C (0 : M)r 
and i? C (0 : M)/, which implies M G 

Finally, we show that (M4) holds. Let I <h R and ^ = R/I. If M G A4r and 
/ C (0 : M)r, then M is an R-H- prime module. If (iV, 5) has "L-condition" for i7-ideal 
B olR and ^-if-submodule of M, then subset F C B and there exists a natural number 
n such that F'^A^ = (F)"iV = 0. Consequently, M G Al^. Conversely, if M G Mr, we 
can similarly show that M e Mr. 

The second claim follows from Proposition 3.18 and Theorem 3.4(1). □ 

Theorem 3.20 rm — tih. 
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Proof. Obviously, rin < thi- It remains to show that rHi{R) 7^ -R if riniR) 7^ R- 
There exists a finite subset F oi R such that 7^ for any natural number n. Let 

JF = {/ I / is an if-ideal of R with F"" ^ / for any natural number n}. 

By Zorn's lemma, there exists a maximal element P in J^. It is clear that P is an if-prime 
ideal of R. Now we show that riH{R/P) = 0. HQ ^B/P is an //-ideal of R/P, then there 
exists a natural number m such that F"* C B. Since (F"* + P)" 7^ + P for any natural 
number n, we have that B/P is not locally nilpotent and riH{R/P) — 0. Consequently, 
rniiR) ^R-^ 

In fact, all of the results hold in braided tensor categories determined by (co)quasitriangular 
structure. 
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